IDEAL STRUCTURE IN GENERALIZED GROUP ALGEBRAS KJELD B. LAURSEN
We study the algebra L ι (G, A) of Bochner-integrable functions from a locally compact topological group G to a Banach algebra A. First we characterize closed ideals in L^G, A) as subspaces that are translation invariant in a certain sense (Theorem 2.2). After that we establish some generalizations of Wiener's tauberian theorem. The class of algebras under consideration consists of strongly semi-simple and completely regular Banach algebras. After this, in §3, we deal with spectral synthesis. Our main result (Corollary 3.6) states that if A does not admit spectral synthesis then neither does L ι (G, A) In §4 we apply the theory of completely regular, strongly semi-simple Banach algebras to obtain some conditions sufficient to ensure that a given ideal is the intersection of the maximal regular ideals containing it.
An introduction to the theory of tensor products of vector spaces can be found in several places, for instance in [16] or [5] The question of norming a tensor product is treated in the references mentioned the greatest cross norm Ύ is defined there. We include a definition for completeness. DEFINITION 1.1. Let E^E 2 be normed vector spaces and suppose t e E ι § § E 2 . We define the greatest cross norm 7 by Ύ(t) = inf Σ I Xi I I Vi I with inf taken over all representatives Σ #* ® 2/i = t -The completion of E L 0 E 2 with respect to 7 is denoted by E t 0 r E 2 .
The following structure theorems will be used extensively in this paper, sometimes without explicit mention. Proposition 1.4 provides one of the major justifications for the study of vector valued group algebras. PROPOSITION 1.2 [5] . Let G be a locally compact group and A a Banach algebra. Then L\G, A) = L\G) <g> r A where = denotes an isometric isomorphism. REMARK 1.3. In [5, p. 59 ] proposition 1.2 is proved when A is 156 KJELD B. LAURSEN a vector space. However, it is not difficult to extend the validity of the result to algebras. PROPOSITION 
Let G and H be locally compact groups. Then U(G x H) = U(G) <g) jL\H)
. Proposition 1.4 is a special case of Proposition 1.2 via the identification U(G x H) = L\G f L\H)) (Cf. [20] ).
2* Ideal structure* Tauberian theorems* If G is a locally compact group the following theorem about closed one-sided ideals in L ι (G) holds (Cf. e.g., [14, p. 374 
, if and only if x(-)el=>x(g o -)el(x(-g o )el)
for every g o eG. Grove [6] has shown that this assertion is not valid in a generalized group algebra. Here we show that if we consider a different concept of translation the theorem is true. We make the following definition. DEFINITION Proof. We prove this for a left ideal. So let I be a closed left ideal. Using the notation x g for the function x(g*) and letting {u a } be an approximate identity for L\G, A) we have (as in the numerical case) that
so that for xe I
This shows that xe I=> x g e I for every g e G. The proof of (ii), Definition 2.1 is as follows 
Since I is closed this shows that y*xel, i.e., J is a left ideal. This proves the theorem. 
Later, when we get to the spectral synthesis we shall make use of Theorem 2.2. However, as a kind of introduction to the spectral synthesis we shall concern ourselves with a special case, namely various formulations of Wiener's tauberian theorems and the extensions of these to generalized group algebras. It is well known that an important step in one standard proof of the so-called generalized Wiener's tauberian theorem is a proof of the fact that if G is a locally compact abelian group then every closed proper ideal in &{G) is contained in a maximal regular ideal. A necessary condition that Z/(G, A) have this property is that the range algebra A have it (see Corollary 3.5).
Therefore, we are led to the theory of the so-called tauberian algebras which we define as follows (cf. [21] ). DEFINITION 2.4 . A Banach algebra A is tauberian if every closed proper 2-sided ideal has a nonempty hull, i.e., if every proper closed 2-sided ideal is contained in a maximal regular 2-sided ideal.
Apparently the theory of these algebras is not yet very extensive; the results that are of interest in this context make one or two other assumptions about the algebras in question. Consequently, we start out by considering these concepts, i.e., that of strong semi-simplicity and that of complete regularity. DEFINITION 2.5. Let A be an algebra.
The strong structure space RS{A) is the collection of all maximal regular 2-sided ideals in A with the hull-kernel topology. The strong radical, R S (A) is defined by 
i) RS(A) is Hausdorff (ii) For every MeRS(A) there is an open set 0 such that MeOczRS(A) and such that k(0) is a regular ideal (here k denotes kernel).
In [21, p. 178] it is shown that the above conditions are equivalent to the single condition that RS(Ά) be Hausdorff, where A is the smallest Banach algebra with identity containing A.
We first prove THEOREM 
// B ι and B 2 are completely regular Banach algebras and if T is injective then
is a homeomorphism so that if f is bijective then J5 X (g) r B 2 is completely regular.
Proof. Let 0* be an open set in RS(Bi) for which k(Oi) = I* is a regular ideal, i = 1,2. Such sets exist in abundance by Definition 2.7 ii). The closure of O { = h(k(Oi)) = λ(7<) is a compact set [15, Th. 2.6.4] . Let 0 = T^ x 0 2 ). We first show that 0 has compact closure. Again using [15, Th. 2.6.4] 
Therefore h(k (0)) is a compact set. Now, since B ly B 2 are completely regular /^(OJ) x h(k( 0 2 )) is Hausdorff. TQiik^) x is closed in the relative topology of T(RS(By) x RS(B 2 )) so Π is compact in this topology. Moreover,
is a Hausdorff space with interior:
It follows that f\ψ-v kim))Γ] γ ih{k{0i))xkik{02))))
is continuous so that Γ| Ol xo 2 is continuous. Consequently, B ι 0 γ B 2 is completly regular. Theorem 2.8 will be used in Theorem 2.10. Just as in the numerical case it is of importance in our proof of the Wienertauberian theorem to be able to conclude that the elements vanishing outside compact sets in the strong structure space are dense. This notion will be made precise by means of the following definiton [21] . If no confusion seems likely, we use the notation J(S) and J(oo). Proof. The proof of this statement is not hard. Since B, 0 B 2 is dense in B, 0 r B 2 it suffices to consider elements of the form x®y. So let ε > 0 and x®yeB 1 (g)B 2 be given. From the assumptions we get that 3 x x e B and a compact set F 1 c RSiB^) such that x^M,) = 0 for M 1 g F λ and such that | x -x λ | < ε. Similarly, 3 y λ e B 2 and a compact set F 2 c RS(B 2 ) such that ^(ΛQ = 0 for M 2 $ F 2 and | y -y λ \ < ε. 7 being a crossnorm we get immediately that ε). Now, since B λ and ΰ 2 are completely regular
T: RS(B) x i?S(5 2 )
> RSiB, 0 r 5 2 ) is continuous (Theorem 2.
From this the theorem follows. Now we are ready to combine the three concepts mentioned so far (tauberianism, strong semi-simplicity and complete regularity) in a proof of a ideal theoretic formulation of Wiener's tanberian theorem. THEOREM T is bijective if G is locally compact and abelian [12] . Consequently, we also have COROLLARY 2.12. [20] . If G is a locally compact abelian group and C is a compact group, then the conclusion of Theorem 2.11 holds for L\G x C).
Proof. L ι (C) is strongly semi-simple, completely regular and tauberian [21] .
3. Spectral synthesis* A well known interpretation of 2.11 views it as an answer to a special case of the question of spectral synthesis: is a closed 2-sided ideal in a Banach algebra the intersection of the maximal regular 2-sided ideals containing it ? Using the hull-kernel terminology and notation, Theorem 2.11 says that with certain conditions on L ι (G) and A our ideal IcZ/(G, A)
If I = k(h(I)) for every closed 2-sided ideal in a Banach algebra B we say that B admits spectral synthesis. Schwartz (in [17] ) has shown that L\E 6 ) does not admit spectral synthesis. In this section we shall prove some results along these lines for U (G, A) . The main result is that if A does not admit spectral synthesis then L ι (G, A) does not, either. Consequently, to show that J Σ is an ideal we need only check the A-translation invariance of /, (Theorem 2.2). (Note that no approximate identity is needed when we use Theorem 2.2 here.) But thê -translation invariance of J 7 is an immediate consequence of the definition of J Γ and the fact that / is an ideal. REMARK 3.3. Clearly, in Lemma 3.1, " 2-sided " could be replaced by "left" or " right ". LEMMA 
With the assumptions of Lemma 3.1, let I be a proper closed 2-sided ideal in A and Jj the corresponding ideal in L\G, A).

Then T(RS{L\G)) x h(I)) S h{Jr) .
If T is bijective, then h(Jj) = TiRSφiG)) x h(I)) so that k(h(Jj)) = J z -k(h(I)) = I.
Proof. We shall show that if I, S U{G) is a modular 2-sided ideal and if 7 2 3 I is a modular 2-sided ideal in A, then T(I^ J 2 ) 3 J τ :
We make the following observations: If J" is any closed 2
-sided ideal in A, then we can consider U(G, Ajl"). Any fe L λ (G, A) induces a mapping f-+f Γ , by fv>(9) = f(9)II"
a.e. geG.
Clearly, J I ,, = {feL ί (G,A)\f I ,, = 0}.
If /' is a closed 2-sided ideal in L ι {G) and B is any Banach algebra, we have a mapping
i.e., a mapping
U(G, B) > L\G)IΓ ® r B
defined by With this proved, the lemma follows from the general properties of T and f:
T
[RS(L ι (G)) x h(I)) S Λ(«/i) If T is bijective, then it is a simple matter to show that if
has the property that M 2 3 /, so that
Combining (*) and (**) the second claim of the lemma follows:
To get the last statement of the lemma, we replace / by k(h(I)) in (***):
,/,,) = T(RS(U(G)) x = T(RS(L\G)) x Therefore = k(h(Jj))
from which we conclude immediately that if then
The following corollaries are straightforward. Proof. [17] , Proposition 1.4, and Corollary 3.6. If we add the assumption that G be abelian, Lemma 3.5 can be strengthened.
COROLLARY 3.5. // T is bijectίve and if I is a closed 2-sided ideal in A which is contained in no maximal regular ideal then the
LEMMA 3.8. Suppose G is a locally compact abelian group and A is a Banach algebra. If I is a closed proper 2-sided ideal, then k(h(J r )) -Jf if and only if k(h(I)) = / .
Proof. It is not difficult to show that if M 1 is a maximal regular ideal in L ι (G) and χ the corresponding character on G then M x defines a mapping φ Mί : V(G, A) > A
given by for every Σ^®2/»e L\G) ® r A = L\G, A) and that this mapping has the integral expression
ΨMW -\ f(g)X(Q)dg for all fe U(G, A) .
Next, we note that if MeRSiL'iG, A)) and T(M) = (M 19 M 2 ), then
/Gl«^/el 2 .
[12].
To complete the proof we must show that
fe k({T(M u M 2 ); M 2 e h(I)}) ==> fe J £ under the assumption that k(h(I)) = I. Using the definition of J 1 and k(h(I))
= / we see that we must prove the following implication:
) e I for any M, e RS(U(G))
=> f(g) 6 / for a.a. geG . 
. // G is abelian and A is a Banach algebra, the only maximal regular 2-sided ideals containing J M2 with M 2 e RS(A) are of the form T(M, M 2 ) where M, is an arbitrary regular maximal 2-sided ideal in L ι (G).
(G, A) is a closed 2-sided ideal such that Iz>I Mo for some M Q eRS(A). Let h(I)
= {T(M f , M")}. IfW= {M f ;
T(M', M") e h(I) for some M" e RS(A)} is a set of spectral synthesis then h(I) is a set of spectral synthesis, i.e. I -k(h(I)).
Proof. From Lemma 3.4 (i) we get that
with a slight abuse of notation. Now, using the notation of the proof of Lemma 3.8 M Q e RS(A) defines a homomorphism
We consider the image of I under φ M , i.e., let
K = φ Ma (I) .
We wish to show that if is a closed 2-sided ideal in L^G). Since φ Mo is a homomorphism onto it is clear that K is an ideal to show that K is closed we prove that if u 0 is an identity modulo M o then K = {xeL\G);x<g>u o eI} .
If this equation holds it is elementary to show that
From the definition of I MQ it follows that / -x ® u 0 e I Mo , i.e., f -x(&u Q eI (note, incidentally, that / -£>^0/ ®W O G /^ for every felSiG, A)). But since /ei" it follows that a?®u o e/. This proves that K = {x e L^G); x <%) u o e I}, and thus that K is a closed 2-sided ideal (not necessarily Φ {0}). 
, feliί and only if fek(h(I)).
This proves the proposition. Using proposition 4.3. we can obtain a sufficient condition for L\G, A) to be an N *-algebra. Proof. We must show that if / is a primary closed 2-sided ideal, e.g., (E) and M"{y g ) = 0 for all M" in a neighborhood N gQ of M" and outside a compact set C σo ci2S(A). Let Let the open sets covering E be {SJ? =1 , let the appropriate points 2/* 0 be {2/<}Γ=i and let the corresponding neighborhoods and compact sets in RS(A) be {-WJ U and {C < }? =1 , respectively. Define \f-f'\ = \ \f (9)~ f'(9) 
It remains to note that each 1 7 . can be approximated by an element Xi from J(oo 9 
Since the sum is finite it follows that Σ Xi <g> 3/i e J(co,U(G, A)) Π J(M 0 , L^G, A)).
We have shown that 7^ c J. From Proposition 4.3. we get that since {M' Q } is a set of spectral synthesis (L\G) is an iV*-algebra)
This proves that L ι (G, A) is an iV*-algebra.
REMARK 4.5. In [10] it is shown that if G is a locally compact abelian group and C is a compact group then L ι (G x C) is an JV*-algebra. This result is contained in Theorem 4.4.
Incidentally, if the tensor product B 0 r C of two Banach algebras is an iV*-algebra then it is possible to give a direct description of the mapping f: RS(B) x RS(C) -> i2S(S (g) r C). 
Proof. Since B and C are completely regular T is a homeomorphism (Theorem 2.10). Therefore, if Repeating this argument for J(°o, 5) (g) J(ilf 2 ) Π J(°°, Q) we get that M 2 -Λίg and therefore that I o is primary.
[21] has transferred Ditkin's condition, condition (D) to the noncommutative case. Here we shall consider the following version. = 1,2) . Moreover, 3 bounded nets {h~1} cJ(co,S), {h°°2} cJ(oo,C) so that xhT -> x for every xe J(oo, B) or J(°o, C) (where {fcΓ} is a subnet of {h™ 1 }) (G, A) .
If the boundary of h{I) in RS(L\G, A)) contains no perfect set (Φ 0), then I -k(h(I)).
Proof. By Theorem 2.6, Theorem 2.8 and Lemma 4.9 L\G, A) fulfils the hypotheses in Corollary 2.6.1 of [21] . Therefore the conclusion follows. 5* Concluding remarks* A comparison between this paper and [9] or [8] will quickly reveal some similarities. Both of these papers, however, deal with commutative algebras exclusively. While [8] has served as a starting point for the investigations of §3, [9] was unknown to the author at the time §2 was being developed. 
